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Abstract

Considerable attention has been paid to the many problems inherent to the US
Social Security system over the past several decades. This study investigates the re-
distributive and efficiency consequences of introducing a subsidy-based pension system
in an endogenous growth setting with income and mortality inequality. My analysis
suggests that both current and future generations are better off without Social Security
regardless of skill level. More significantly, I find that replacing the US Social Security
system with capital subsidies is Pareto optimal for all generations and skill groups for a
given set of subsidy rates. The existence of income and mortality inequality reduces the
range of Pareto optimal capital subsidy rates, implying that a public pension system
based on capital subsidies is less costly to implement in an economy with inequality
than in an economy with homogeneous agents.
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1 Introduction

Proponents of the US Social Security system maintain that the program is an impor-

tant source of income redistribution, providing income security for low income households

who historically have lower saving rates. Contrary to this claim, numerous recent studies

conclude that pay-as-you-go (PAYGO) Social Security performs poorly as a redistributive

public policy. Most of the studies in this literature treat income inequality as the result of

either skill differentials or some form of uncertainty in the lifetime path of income. Under

these assumptions, PAYGO Social Security has been shown to be inferior to more progres-

sive Social Security policies, such as means testing (see Kitao (2014) and Fehr and Udhe

(2014)), a two-tier system with guaranteed minimum income combined with a more tradi-

tional pension insurance as in Huggett and Ventura (1999), or the introduction of flat-rate

pension sharing as in Fehr, Kallweit, and Kindermann (2013). Likewise, Nishiyama and

Smetters (2007) demonstrate that a privatized Social Security system can lead to efficiency

gains relative to PAYGO Social Security if it is sufficiently progressive and is financed by an

efficient tax during the transition.

In this line of the literature, mortality inequality is primarily assumed to be the result

of mortality risk and is frequently disassociated with the workers’ skill level or income.1

However, in light of the empirical evidence provided by studies of mortality inequality such

as Meara, Richards, and Cutler (2008), Bound et al. (2015) and Chetty et al. (2016), dis-

entangling income and mortality inequality will likely bias the welfare analysis of PAYGO

Social Security reform. Indeed, recent studies by Bommier, Leroux, and Lozachmeur (2011),

Pestieau and Racionero (2016), Bagchi (2019), and Bishnu, Guo, and Kumru (2019) demon-

strate the importance of considering mortality inequality in any analysis of PAYGO Social

1Two notable exceptions include Fehr, Kallweit, and Kindermann (2013) and Fehr and Udhe (2014), who
consider skill-specific mortality rates in a sensitivity analysis and conclude that its inclusion has a negligible
effect on efficiency in their model.

2



Security reform. Bommier, Leroux, and Lozachmeur (2011) emphasize the importance of

mortality inequality in the normative analysis of Social Security when non-additively sepa-

rable utility is assumed. Bagchi (2019) and Bishnu, Guo, and Kumru (2019) each emphasize

the loss of progressivity and differences in discounting caused by mortality differentials that

each diminish the redistributive benefits of progressive PAYGO and means tested Social

Security systems. Likewise, Pestieau and Racionero (2016) reinforce the importance of mod-

eling mortality differentials by noting the mortality disparities across occupations. Linking

mortality risk to occupation in their model, they demonstrate that welfare is enhanced when

pension policies are allowed to differ according to occupation.

The studies surveyed so far have centered on steady-state and transitional welfare anal-

ysis of PAYGO Social Security and public pension reform. However, as many studies have

demonstrated,2 PAYGO Social Security creates a disincentive for private savings by pro-

viding a secure, publicly provided annuity in retirement that is financed by a distortionary

income tax. Naturally, this reduction in savings will have an adverse effect on economic

growth, making society worse-off in the long-run. And, while means tested Social Security

improves welfare in the short-run (relative to the US Social Security system), this program

is still an unfunded PAYGO Social Security system and therefore preserves the disincentives

for private savings that dampen economic growth.

Taking this relationship into consideration, several studies3 have proposed an alternative

reform that would replace PAYGO Social Security with Pareto-improving capital subsidies.

The majority of this literature has relied on overlapping generations models with unrealistic

survival functions that result in disproportionately long tails of elderly agents, thereby bi-

asing their analyses. Bruce and Turnovsky (2013) addresses this problem by introducing a

more realistic demographic and mortality structure. Consistent with the findings of numer-

2e.g. Samuelson (1975), Saint-Paul (1992), Wigger (1999), and Gertler (1999).
3e.g. Belan et al. (1998) and Gyárfás and Marquardt (2001).
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ous previous studies, their model predicts that PAYGO Social Security depresses long-run

economic growth, reduces expected lifetime utility of young households, and can be replaced

by Pareto improving capital subsidies which, for a given range of subsidy rates, increase the

equilibrium growth rate without sacrificing welfare in the short-run. More importantly, they

were able to show that the adverse effect of the PAYGO system on savings is approximately

2.5 times greater when a more realistic demographic structure is employed.

Consistent with the other studies cited here, agents in Bruce and Turnovsky’s model are

homogenous within their respective birth cohort preventing them from considering the redis-

tributive effects of Social Security and capital subsidies in their welfare and efficiency analysis.

Given the demonstrated importance of income and mortality inequality in determining the

efficiency of Social Security design and the positive relationship between household savings

rates and lifetime income,4 capital subsidies may be insufficient to induce enough savings

among low income agents to replace the loss of Social Security payments following the reform,

making these individuals worse-off under this proposed reform.

Therefore, in this study, I expand Bruce and Turnovsky’s framework to include income

and mortality inequality and a progressive income tax structure in order to investigate the

long-run welfare implications of Social Security for less skilled individuals in an endogenous

growth context. Following Bruce and Turnovsky, I adapt the Blanchard (1985) and Weil

(1989) continuous time overlapping generations model without life annuities to include a

stylized version of PAYGO Social Security and a more realistic mortality structure. Then, I

augment the public infrastructure production function employed by Bruce and Turnovsky to

allow for heterogeneous labor as in Acemoglu (2002), thereby introducing income inequality

to the model. In addition, I assume that skilled and unskilled workers will have different

mortality hazard rates in order to match the observed income and education-based longevity

4See Dynan, Skinner, and Zeldes (2004), Hendricks (2007), and De Nardi, French, and Jones (2010) which
provide empirical support for the permanent income hypothesis formulated by Modigliani and Brumberg
(1954) and Friedman (1957).
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gap.

After calibrating the model to match U.S. data since 2000, I analyze the impact of two

scenarios on economic growth and welfare: (i) Eliminating Social Security and (ii) replacing

Social Security with capital subsidies. These counterfactual simulations affirm the literature’s

conclusion that PAYGO Social Security depresses economic growth and that capital subsidies

can be Pareto-improving in both the short-run and the long-run, implying that both skilled

and unskilled workers are worse-off under a PAYGO Social Security regime.

The remainder of the paper is laid out as follows. Section 2 describes the theoretical

benchmark economy with PAYGO Social Security and no life annuity market. Section 3

details the data employed in the calibration exercise and motivates choice of the model’s pa-

rameters. The analysis of the two scenarios described in the preceding paragraph is contained

in section 4. Conclusions are provided in section 5.

2 Model

2.1 Final Goods Production

The final goods market is composed of Lt identical firms, each employing a single unit

of labor that is comprised of lS,t and lU,t units of skilled and unskilled labor respectively.

Each firm rents kt units of capital from the household sector at the constant interest rate r.

Capital depreciates at the rate δ and the capital share is given as α. Each firm produces yt

units of output at time t according to the following production technology

yt = Atk
α
t X

1−α
t − δkt. (1)

In addition to representing the total number of firms, assume that Lt is equal to the total

supply of labor in the economy. Note that the aggregate capital stock is defined as Kt = ktLt,
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implying that kt is the capital-labor ratio.

This production function is an augmented version of the Romer (1986) production func-

tion, where private capital interacts with the flow of public infrastructure spending, as in

Barro (1990). Following Barro (1990), the production externality Xt is assumed to arise

from the interaction between infrastructure spending Gt and private capital. This inter-

action is captured by a Cobb-Douglas functional form so that Xt = (Gt/Lt)
ξ(Kt/Lt)

1−ξ.

The parameter ξ impacts the degree to which infrastructure spending drives the externality.

For example, when ξ = 0, the entire externality is driven by private capital accumulation.

Infrastructure spending becomes an increasingly important determinant of the production

externality as ξ approaches one.

Building on this production function, I assume that factor productivity (At) is char-

acterized by the relative composition and productivity of the labor force according to the

following CES function:

At = [ε(AU lU,t)
(σ−1)/σ + (1− ε)(ASlS,t)(σ−1)/σ]σ/(σ−1).

The productivity of unskilled and skilled workers is captured by the terms AU and AS.

The parameter σ ∈ (0,∞) is the elasticity of substitution between skilled and unskilled

labor, while ε ∈ (0, 1) determines the relative importance of unskilled labor to skilled labor

in production. As in Acemoglu (2002), this functional form allows for income and wealth

inequality and skill-biased technological change.

The aggregate production function is obtained by summing up the individual production

of each firm which, by symmetry, implies that Yt = ytLt. From the definition of yt provided

in equation (1), aggregate output is defined as

Yt = AtK
1−(1−α)ξ
t G

(1−α)ξ
t − δKt. (2)
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Following Bruce and Turnovsky (2013), I assume that infrastructure spending is set by

government as a fixed fraction η of “gross output” so that Gt = η(Yt + δKt). Inserting Gt

and rearranging to solve for Yt reduces the aggregate production function to

Yt = (Ât − δ)Kt (3)

where Ât =
(
Atη

(1−α)ξ)1/[1−(1−α)ξ]. Note that this production function is equivalent to the

canonical “AK” functional form.

In equilibrium, the skilled and unskilled wage rates will be equal to the aggregate

marginal product of labor for each skill group, implying that the respective wage rates

are derived by differentiating Yt with respect to the aggregate labor supply of skilled and

unskilled workers (i.e. LS,t and LU,t) respectively. Noting that lU,t = LU,t/Lt, lS,t = LS,t/Lt,

and Lt = LU,t + LS,t, the aggregate production function can be reexpressed as

Yt = [ε(AULU,t)
(σ−1)/σ + (1− ε)(ASLS,t)(σ−1)/σ]σ/(σ−1)

(
Kt

LU,t + LS,t

)α
X1−α
t − δKt. (4)

Differentiating (4) with respect to LU,t to solve for wU,t yields

wU,t =

[
ε(AULU,t)

(σ−1)/σ

LU,t[ε(AULU,t)(σ−1)/σ + (1− ε)(ASLS,t)(σ−1)/σ]
− α

Lt

]
AtLtk

α
t X

1−α
t

=

[
ε(AULU,t)

(σ−1)/σ

lU,t[ε(AULU,t)(σ−1)/σ + (1− ε)(ASLS,t)(σ−1)/σ]
− α

]
Âtkt. (5)

Similarly, wS,t is derived by differentiating (4) with respect to LS,t

wS,t =

[
(1− ε)(ASLS,t)(σ−1)/σ

LS,t[ε(AULU,t)(σ−1)/σ + (1− ε)(ASLS,t)(σ−1)/σ]
− α

Lt

]
AtLtk

α
t X

1−α
t

=

[
(1− ε)(ASLS,t)(σ−1)/σ

lS,t[ε(AULU,t)(σ−1)/σ + (1− ε)(ASLS,t)(σ−1)/σ]
− α

]
Âtkt. (6)
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For the purpose of calibration, it is useful to re-express each of these wage rates as functions

of the average wage rate w̃t. From equations (5) and (6), the average wage rate in the

economy is

w̃t = (1− α)Âtkt. (7)

Let r be the private real rate of return to capital, which will be equal to the marginal

product of capital. The marginal product of capital is solved for by differentiating ytLt with

respect to Kt, treating the externality Xt as a constant

r =
αAtLtk

α
t X

1−α
t

Kt

− δ = αÂt − δ. (8)

2.2 Government

To capture the progressive nature of income taxes in the U.S., I rely on Feldstein’s

(1969) seminal tax and transfer function to determine the total taxes paid by each skill

group.5 According to Feldstein’s specification, the total amount of taxes paid at time t by a

household of skill-level i and age z (i.e. Γ(·)) is described as

Γ(wi,t(z)) = wi,t(z)− χtwi,t(z)1−θ, (9)

where 1 − θ is the elasticity of post-tax to pre-tax income. This elasticity determines the

degree of progressivity (regressivity) of the tax system. The term χt determines the break-

even wage level, where the household ceases receiving transfers and begins paying taxes.

The marginal tax rate paid by a worker of skill-level i (i.e. τi,t(z)) is derived from

equation (9) as follows:

τi,t(z) ≡ 1− ∂Γ(wi,t(z))

∂wi,t(z)
= 1− (1− θ)χtwi,t(z)−θ. (10)

5See Bénabou (2000,2002) and Heathcote et al. (2017) for a more thorough analysis of this tax function.
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For tractability, the marginal effective tax rate for each skill group will need to be time and

age invariant in the equilibrium grow path, so that τi,t(z) = τi. To ensure this outcome, I

impose a balanced budget restriction on the government and solve for χt as a function of

the average wage rate w̃t. The government’s budget constraint is described by the following

equality

τUwU,tLU,t + τSwS,tLS,t = Gt +Bt +Rt. (11)

In addition to funding public infrastructure Gt, the government makes Social Security pay-

outs Bt and provides capital subsidies Rt.

To solve for the χt that balances the government’s budget constraint in (11), given the

time-invariant income tax rates τU and τS, I assume that there is a unique average marginal

tax rate τ̃ such that τ̃ w̃tLt = τUwU,tLU,t + τSwS,tLS,t. From equation (10), this tax rate is

defined as

τ̃ = 1− (1− θ)
(
χt
w̃θt

)
.

Rearranging to solve for χt as a function of τ̃ and w̃t yields

χt =
(1− τ̃)w̃θt

1− θ
. (12)

Inserting (12) for χt into (10) reduces the marginal tax rate of a type i worker to

τi = 1− (1− τ̃)

(
w̃t
wi,t

)θ
, (13)

which can easily be shown to be time-invariant.
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2.3 Household

The economy is composed of a continuum of finitely-lived households belonging to dis-

tinct birth-skill cohorts. Each household born into the economy is assumed to begin at age

20. Each household of skill-level i and age z will survive beyond age z with probability

Si(z). Similarly, the probability that a type i household of age x will survive to age z is

defined as Si(z)/Si(x). Following Bruce and Turnovsky, I rely on a tractable version of the

Gompertz survival function developed by Boucekkine et al. (2002) to describe Si(z). This

functional form has been shown to closely match human mortality, providing more realistic

demographics for the model, which is crucial when analyzing Social Security. The survival

function is described as

Si(z) =
eµiTi − eµiz

eµiTi − 1

where Ti is the terminal age and µi determines the mortality hazard rate. Note that I assume

that Si(z) will differ according to skill group to replicate the findings of Meara, Richards,

and Cutler (2008), Bound et al. (2015), and Chetty et al. (2016) that life expectancy differs

according to income and skill level.

Each household at calendar time t receives utility from their current consumption ci,t(z).

The household’s value function at age x is

ui,t(x) =

∫ Ti

x

Si(z)

Si(x)
e−ρ(z−x)u(ci,t+z−x(z))dz (14)

where ρ is the time discount factor. Each household maximizes (14) subject to their flow

budget constraint

ḟi,t(z) = ri,t(z)fi,t(z) + wi,t(1− τi)li(z) + bi,t(z) + tri,t(z)− ci,t(z). (15)

Households accumulate financial wealth fi,t(z), which they hold as physical capital. Financial
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wealth pays a return of ri,t(z). Individual labor supply li(z) is assumed to be an exogenous

function that declines with age. Social Security payouts are captured by the term bi,t(z).

Finally, in the absence of actuarially-fair life annuities, recently deceased agents will leave

accidental bequests that I assume are redistributed throughout the economy according to

the function tri,t(z).

The first-order conditions from optimization are presented in equations (16) and (17).

The optimal quantity of current consumption is determined according to the following con-

dition

u′(ci,t(z)) = λi,t(z). (16)

Briefly, this condition states that households will choose ci,t(z) so that their marginal utility

of consumption is equal to the shadow value of their financial wealth λi,t(z).

− λ̇i,t(z)

λi,t(z)
= ri,t(z) +

Ṡi(z)

Si(z)
− ρ (17)

Similarly, equation (17) equates the rate of capital gains to the rate of return to financial

wealth minus the discount rate and the mortality hazard rate (i.e. −Ṡi(z)/Si(z)).

The utility function is assumed to take an iso-elastic functional form, implying that

u(ci,t(z)) = ci,t(z)γ/γ, where γ determines the inter-temporal elasticity of substitution. Since

one of the primary justifications for Social Security is to correct the annuity market failure,

I assume that there no annuities, implying that ri,t(z) = r. The Euler equation for con-

sumption is derived using equations (16) and (17). Without annuities, the time path of

consumption is given as

ċi,t(z)

ci,t(z)
=

1

1− γ

(
r +

Ṡi(z)

Si(z)
− ρ

)
= q +

Ṡi(z)/Si(x)

1− γ
(18)

where q = (r−ρ)/(1−γ), which is equivalent to the standard neoclassical Euler equation. As
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equation (18) demonstrates, in the absence of life annuities the optimal path of consumption

is inversely related to the mortality hazard rate −Ṡi(z)/Si(z).

When households are young and relatively healthy, the mortality hazard rate is low. The

hazard rate increases at an increasing rate as the household ages. Intuitively, assuming that

q > 0, when the household is young and the mortality hazard rate is sufficiently small, it will

be optimal for the household to increase in their consumption over time. However, as they

age and the mortality hazard rate increases, optimal household consumption will eventually

peak and begin falling to zero as the agent approaches the terminal age Ti. Consequently,

the optimal lifetime path of consumption will have the characteristic inverted-U shape first

identified in Thurow (1969).

The entire lifetime consumption plan for each worker is obtained by integrating (18)

forward. This plan is described by equation (19) and implies that the household’s expected

consumption at any age z ≤ Ti will be a function of the household’s choice of consumption

at any other arbitrary age x.

ci,t+z−x(z) = ci,t(x)

(
Si(z)

Si(x)

)1/(1−γ)

eq(z−x). (19)

Therefore, a unique solution for the agent’s expected consumption at any age z can be

obtained by solving for their initial choice of consumption (i.e. ci,t(0)).

The inter-temporal budget constraint of a type-i household of current age x is derived

from the flow budget constraint defined in equation (15)

∫ Ti

x

(
Si(z)

Si(x)

)
e−r(z−x)ci,t+z−x(z)dz = fi,t(x) + hi,t(x). (20)

The expected present discounted value of the household’s current “non-financial” wealth is

captured by the function hi,t(x) described below in equation (21). Non-financial wealth is

comprised of the expected present discounted value of the household’s remaining human and
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Social Security wealth at age x. Following Bruce and Turnovsky, I assume that an accidental

bequest left behind by a household of age z and skill i (and therefore belonging to the type-i

cohort born t − z periods ago) will be distributed evenly to the surviving households in

the deceased household’s birth-skill cohort. This implies that the income received from

accidental bequests is defined as tri,t(z) = −(Ṡi/Si)fi,t(z). This assumption ensures that

accidental bequests are fully recycled back into the economy in a tractable fashion.

In order to maintain tractability, I utilize the stylized form of Social Security adopted

by Bruce and Turnovsky where benefits are determined according to a time-independent

replacement rate β. However, given the existence of inequality in this model, I assume that

the social security benefit is based on the average wage in the economy (as opposed to the

household’s actual wage rate), so that bi,t(z) = βw̃t(1− li(z)). This assumption is intended

to capture the fact that Social Security benefits are capped and are therefore not purely

a function of the household’s lifetime earnings. After substituting for bi,t(z) and tri,t(z),

non-financial wealth at age x is

hi,t(x) =

∫ Ti

0

(
Si(z)

Si(x)

)
e−r(z−x)[(1− τ)wi,t+z−xli(z) + βw̃t+z−x(1− li(z))]dz

=

∫ Ti

0

(
Si(z)

Si(x)

)
e−r(z−x)[(1− τ − β)w̄ili(z) + β]w̃t+z−xdz, (21)

where w̄i is the time-invariant ratio of the skill i wage rate to the economy-wide average

wage rate. Since accidental bequests are fully recycled into the economy and there is no

bequest motive, it is assumed that fi,t(0) = fi,t+Ti(Ti) = 0. Consequently, after setting

x = 0, substituting for ci,t+z(z) using (19), and noting that Si(0) = 1, the inter-temporal

budget constraint facing a new-born household simplifies to

ci,t(0)

∫ Ti

0

Si(z)(2−γ)/(1−γ)e(q−r)zdz = hi,t(0), (22)
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where

hi,t(0) =

∫ Ti

0

Si(z)e−rz[(1− τ − β)w̄ili(z) + β]w̃t+zdz. (23)

In the preceding subsection, the aggregate production function was shown to have an

“AK” functional form, allowing for endogenous growth. Furthermore, as equations (5)-(7)

bear out, in equilibrium the wage rate for both skill groups, as well as the average wage

rate, will grow at the same rate as capital per worker. This implies that w̃t+z = w̃te
gz,

where g is the growth rate of capital per worker. Substituting for w̃t+z in (23) implies that

hi,t(0) = w̃thi(0), where hi(0) is a time-invariant present value factor for non-financial wealth

hi(0) =

∫ Ti

0

Si(z)e(g−r)z[(1− τ − β)w̄ili(z) + β]dz. (24)

Finally, by rearranging (22), the household’s problem can be solved by solving for ci,t(0)

ci,t(0) = w̃thi(0)mi(0). (25)

The household’s marginal propensity to consume out of their non-financial wealth is defined

by the function mi(0)

mi(0) =

[∫ Ti

0

Si(z)(2−γ)/(1−γ)e(q−r)zdz

]−1
. (26)

Briefly, the policy analysis contained in section 4 will be centered on the initial expected

lifetime utility of new-born households:

ui,t(0) =

∫ Ti

0

(
ci,t+z(z)γ

γ

)
Si(z)e−ρzdz =

ci,t(0)γ

γ

∫ Ti

0

Si(z)(2−γ)/(1−γ)e(q−ρ)zdz

As equation (25) demonstrates, ci,t(0) is a function of the average wage w̃t, which grows at
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the rate g over time. This implies that ui,t(0) can be rewritten as

ui,t(0) = uiw̃
γ
t (27)

where ui is a time-invariant utility multiplier defined as

ui =
(hi(0)mi(0))γ

γ

∫ Ti

0

Si(z)(2−γ)/(1−γ)e(q−ρ)zdz.

The two components of ui,t(0), the time-invariant utility multiplier ui and the time-dependent

average wage rate w̃t, imply that the policy analysis requires consideration of two things;

(i) the short-run impact of the policy change as demonstrated by changes to ui and (ii) the

long-run impact via growth in w̃t.

2.4 Aggregation

Let Ni,t(z) be the current population of type-i households of age z at time t. Further,

let ψi,t be the initial size of a new-born type-i cohort at time t. Assuming that the size

of cohorts at birth grows uniformly across skill groups at the rate n, the initial size of any

cohort can be expressed in terms of the current size of new-born cohorts (i.e. ψi,t). In other

words, ψi,t−z = ψi,te
−nz. Therefore, the current population of type-i cohort of age z is defined

as Ni,t(z) = ψi,te
−nzSi(z). Using this definition, the total population in the economy is

Nt = ψU,t

∫ TU

0

SU(z)e−nzdz + ψS,t

∫ TS

0

SS(z)e−nzdz. (28)

For the purposes of aggregation, it is useful to express the current consumption of each

birth-skill cohort as a function of the prevailing average wage rate at calendar time t. From

(25), initial consumption can be reexpressed as ci,t(0) = w̃t+ze
−gzhi(0)mi(0). Using the

definition of ci,t+z(z) from (19), the general equation for household consumption at any age
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z at calendar time t is

ci,t(z) = Si(z)1/(1−γ)w̃te
(q−g)zhi(0)mi(0). (29)

Aggregate consumption Ct is obtained by summing up individual consumption of surviving

households throughout the economy, such that

Ct = w̃t
[
ψU,tΣ

C
U + ψS,tΣ

C
S

]
, (30)

where ΣC
i is the time-invariant consumption aggregator for type-i households

ΣC
i =

(
hi(0)

mi(0)

)∫ Ti

0

Si(z)(2−γ)/(1−γ)e(q−n−g)zdz. (31)

Aggregate labor income is defined as

wU,tLU,t + wS,tLS,t = w̃t
[
w̄UψU,tΣ

L
U + w̄SψS,tΣ

L
S

]
. (32)

with ΣL
U and ΣL

S representing the time-invariant labor supply aggregators of the unskilled

and skilled groups respectively

ΣL
i =

∫ `

0

Si(z)li(z)e−nzdz. (33)

The household’s exogenous labor supply function li(z) will have the same functional form as

Si(z), implying that individual labor supply is defined as

li(z) =
eνi` − eνiz

eνi` − 1
.
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The parameter ` represents the mandatory retirement age and νi determines the rate at

which labor supply declines with age.

Since skilled and unskilled workers have different survival probabilities, the composition

of the labor market will change over time, making the model intractable. By definition, the

aggregate labor supply of skill i workers is

Li,t = ψi,tΣ
L
i = li,tLt.

To ensure that the labor shares are time-invariant (i.e. li,t = li), the size of a skill i initial

birth cohort will have to be defined as

ψi,t =
liLt
ΣL
i

. (34)

The assumption that li and ΣL
i are time-invariant, implies that the aggregate labor supply

will grow at the same rate as ψi,t (i.e. it will grow at the uniform rate n).

2.5 Endogenous Growth Rate

To solve for the endogenous growth rate g, requires the derivation of the goods market

equilibrium condition by summing up the flow budget constraints (described by equation

(15)) across skill groups and surviving birth cohorts. Assuming that the workers’ financial

wealth is invested entirely in physical capital, the goods market equilibrium condition will

be described as

K̇t

Kt

=
Yt −Gt − Ct

Kt

= Â(1− η)− δ − Ct
Kt

= g + n. (35)

Note that since lU , lS, and η are time-invariant, total factor productivity Â will also be

constant. The consumption-capital ratio (after substituting for w̃t using equation (7)) is
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defined as

Ct
Kt

=
(1− α)Âkt

[
ψU,tΣ

C
U + ψS,tΣ

C
S

]
Kt

=
(1− α)Â

[
ψU,tΣ

C
U + ψS,tΣ

C
S

]
Lt

.

This reduces to

Ct
Kt

= (1− α)Â

[
lUΣC

U

ΣL
U

+
lSΣC

S

ΣL
S

]
.

Solving for g closes the system

g = Â(1− η)− (1− α)Â

[
lUΣC

U

ΣL
U

+
lSΣC

S

ΣL
S

]
− δ − n. (36)

3 Data and Calibration

For many of the model’s parameters I am able to rely on long established literature

standards and publicly available data on U.S. aggregates and life expectancy provided by

the Bureau of Economic Analysis (BEA) and the Social Security Administration’s Life Tables

(SSA). Table 1 provides the value and description for all of the fixed parameters in the model.

For the preference parameters I assume ρ = 0.03 and γ = −2/3. The latter translates to

an inter-temporal elasticity of substitution of 0.6, within the range of estimates provided by

Guvenen (2006) and Chetty (2006). Likewise, many of the production parameters are based

off of literature standards. In particular, I assume that α = 0.4 and δ = 0.05.

The remainder of the production parameters are motivated by Bruce and Turnovsky

(2013), Buera et al. (2018), and Valletta (2018). Following Bruce and Turnovsky, I assume

r = 0.067 which, given α = 0.4 and δ = 0.05, requires that A = 0.2925. Taking this value

for A as given, setting the output elasticity of public infrastructure spending (i.e. (1− α)ξ)

equal to 0.25, and assuming that the government invests 5% of gross output in infrastructure

implies that ξ = 0.417.
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Parameter Description Value
ρ Rate of time preference 0.03

1/(1− γ) Inter-temporal elasticity of substitution 0.6
T Maximum survivable age 75
µU Mortality hazard rate (unskilled) 0.048
µS Mortality hazard rate (skilled) 0.067
` Mandatory retirement age 58
ν Labor supply hazard rate 0.059
A Productivity 0.2925
r Rate of return on capital 0.067
α Capital share 0.4
δ Depreciation rate 0.05
ξ Externality share 0.417
η Infrastructure share of gross output 0.05
lU Unskilled share of labor force 0.37
ε Unskilled share in output 0.4
σ ES between skilled and unskilled labor 2
AU Productivity of unskilled labor 0.795
AS Productivity of skilled labor 1.972
β Earnings replacement rate 0.3
θ Tax progressivity parameter 0.181
χ Tax and transfer break-even parameter 0.997

Table 1: Fixed Parameters
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Calibration of the CES function that underpins labor productivity requires estimates of

lU , ε, σ, as well as an estimate of the education wage premium from the literature. Buera et

al. (2018) study the skill-biased structural change that occurred in the U.S. economy between

1977 and 2005. Buera et al. set σ = 1.42 based on Katz and Murphy’s (1992) estimate of

the elasticity of substitution between skilled and unskilled labor and calibrate their model to

match the observed employment share and wage premium of skilled workers. I have chosen

to set σ = 26 to reflect the structural shifts in the economy created by skill-biased technical

change in the latter half of the 20th century. Their calibration exercise implies that in 2005

ε, the importance of unskilled labor relative to skilled labor in production of goods and

services, was 0.56 in the goods sector and 0.33 in the services sector. Therefore, in order to

be consistent with Buera et al.’s estimate, I set ε = 0.4.

Unfortunately, the data source I rely on to calibrate the life expectancy gap (i.e. Bound

et al. (2015)) does not define skilled workers as consisting of individuals with a college

education or higher. Instead, they report the life expectancy of black and white males, and

black and white females belonging to either the bottom quartile or the top three quartiles of

educational attainment. The cutoff for the bottom quartile is a high school diploma, implying

that the top three quartiles consist of individuals with any college experience. Therefore, in

order to simultaneously calibrate the wage and life expectancy gaps, I define the unskilled

group as those with educational attainment of 12 years or less.

Using this definition for unskilled workers, I am able to estimate the skilled wage pre-

mium and labor share using data provided by Valletta (2018). Based on Valletta’s data, I

estimate that between 2000 and 2015 workers with a high school education or less (i.e. un-

skilled workers) accounted for approximately 37% of the labor force. The corresponding skill

premium for this period was approximately 1.7, which is close to the college wage premium

of 1.9 estimated by Buera et al. (2018) for college graduates. Calibrating the model to match

6Note that this value for σ implies that skilled and unskilled workers are weak substitutes.
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this wage premium, while setting A = 0.2925 requires that AU = 0.795 and AS = 1.972.

As I noted previously, the life expectancy gap is calibrated using data provided by

Bound et al. (2015). Based on Bound et al.’s data, I estimate that the life expectancy gap

at age 25 between skilled and unskilled workers in 2010 was approximately 4.75 years. This

estimate is consistent with the range of estimates of the educational life expectancy gap

provided by Meara, Richards, and Cutler (2008) for the period 1991-2000. Therefore, the

mortality hazard rates are chosen to set the average life expectancy at age 20 for this period

(i.e. 58.94 years) as estimated from the SSA, while maintaining a longevity gap near 4.75

years.

The tax parameters are taken from Heathcote, Storesletten, and Violante (2017). The

degree of income tax progressivity is dictated by θ, which is set at 0.181. Taking these values

as given, balancing the government’s budget constraint requires that χ = 0.997. The labor

supply parameters are based on Bruce and Turnovsky (2013). The mandatory retirement

age ` is set at 58 years (i.e. 78 years old) and the labor supply hazard rate ν is fixed at

0.059. These values imply that the average claiming age of Social Security is 63, with a labor

force participation rate of 60% at age 63, which is consistent with Toossi (2012). Since many

workers retire prior to reaching the eligibility age of 65 and claim Social Security benefits

early at a reduced replacement rate, I set β = 0.3 (as opposed to the full replacement rate

of 40%).

The steady-state values for various economic aggregates in the balanced growth path

are displayed in Table 2. As noted earlier, the skilled wage premium is set at 1.7. Skilled

workers pay an income tax rate of 19.6%, while unskilled workers pay a rate of 11.5%. Based

on SSA data, the average life expectancy at age 20 in the economy is 58.94 years. At age

20, skilled workers in the model expect to live a further 60.57 years, while unskilled workers

will only expect to live for another 56.27 years. This implies a life expectancy gap of 4.3

years, close to Bound et al.’s estimate of 4.75 years and within the range implied by Meara,
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Variable Description Value
wS/wU Skilled wage premium 1.7
CS/CU Skilled consumption premium 1.54
τS Skilled income tax rate 0.196
τU Unskilled income tax rate 0.115
LE Average life expectancy (at age 20) 58.94
LES Skilled life expectancy (at age 20) 60.57
LEU Unskilled life expectancy (at age 20) 56.27
g Growth rate 0.014
uS Skilled utility multiplier -35.10
uU Unskilled utility multiplier -44.72

Table 2: Steady-state

Richards, and Cutler. Figure 1 below displays the lifetime path of the survival function

for unskilled and skilled agents (the solid and dashed lines, respectively). Let Hi(x) be the

hazard function for an individual of age x and skill level i, which is defined as

Hi(x) =
Si(x)∫ T

x
Si(z)dz

. (37)

It can be shown that HU(x) > HS(x) for all 0 < x ≤ T , despite the fact that the two skill

groups have identical terminal ages.

Figure 1: Survival Function
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Given the wage, life expectancy, and income tax gaps, the model predicts a skilled

consumption premium of 1.54. The steady-state growth rate is 1.4%, which is close to the

average annual growth rate of GDP per capita (i.e. 1.46%) in the U.S. over the period 1990-

2018.7 Naturally, given the consumption and life expectancy gaps, initial skilled welfare is

greater than unskilled welfare in the benchmark, with the initial utility multiplier equaling

-35.1 for skilled workers as compared to -44.72 for unskilled workers.

4 Numerical Analysis

In this section, I analyze the equilibrium response of the economy to (i) the elimination

of Social Security and (ii) replacing Social Security with capital subsidies. The first scenario

is intended to test whether or not the literature’s general consensus that the current PAYGO

system depresses economic growth and reduces welfare holds under the assumption of realistic

intra-generational income and mortality inequality. Similarly, the second scenario tests the

assertion that capital subsidies may be a Pareto improvement over the current PAYGO

Social Security system in both the short-run and the long-run when income and mortality

inequality are present in the economy.

4.1 Eliminating Social Security

Table 3 compares the equilibrium of the benchmark economy (with an earnings re-

placement rate of 30%) to that of a hypothetical economy without Social Security. The

simulation predicts that the counterfactual economy would have a steady-state growth rate

that is nearly a full percentage point higher than the benchmark growth rate.8 Naturally, the

excess economic growth that occurs in the counterfactual economy will make all households

7This time period was chosen to compensate for the period of low growth following the Great Recession
that comprises much of the period I consider in the calibration exercise.

8The equilibrium growth rate increases by 65.7%, comparable to the 60.5% increase that occurs in Bruce
and Turnovsky’s simulation.
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Variable g {uU , uS} {τU , τS}
Social Security (β=0.3) 1.40% {-44.72,-35.10} {11.49%, 19.60%}
No Social Security 2.32% {-39.29,-30.50} {1.07%, 10.13%}

Table 3: Eliminating Social Security

better off in the long-run. Both skill groups are also made better off in the short-run as well,

with the utility multipliers increasing by 12.14% and 13.11% for unskilled agents and skilled

agents respectively.

Both the increase of the equilibrium growth rate and of the utility multipliers are the

result of the significant reduction of the income tax rates. Eliminating Social Security reduces

the income tax rate assessed to unskilled workers by 10.42 percentage points, while the skilled

income tax rate falls by 9.47 percentage points. By reducing τi and eliminating β, this policy

change causes hi(0), the present value factor for non-financial wealth of each skill group to

climb dramatically (21.4% for unskilled households versus 23.4% for skilled households),

while preserving each groups marginal propensity to consume out of non-financial wealth

mi(0), translating to increases to both household consumption (see Figure 2) and savings.

(a) Unskilled (b) Skilled

Figure 2: Expected Lifetime Path of Consumption-Initial Average Wage Ratio

Figure 2 presents the expected lifetime paths of consumption, relative to the average

wage rate at the time t that the representative agent enters the economy (i.e. w̃t).
9 In

9As equation (29) demonstrates, w̃t is the only time-varying variable in the individual consumption
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figure 2, the benchmark is represented by the solid line, while the counterfactual economy is

represented by the dashed line. Since eliminating Social Security causes hi(0) to rise relative

to the benchmark economy while mi(0) is left unchanged, initial consumption ci,t(0) will rise.

Both the real interest rate and the survival functions are unaffected by the policy change,

implying that the optimal expected growth rate of consumption will not change. As a result,

expected consumption in the counterfactual economy will remain above the benchmark level

of consumption at every age z, making both groups better off in the short-run. Moreover,

since mi(0) is unaffected, total household savings at any age z will increase, causing the

equilibrium growth rate to rise relative to the benchmark making society better off in the

long-run.

These two main predictions from scenario 1 are consistent with the existing literature.

The addition of income and mortality inequality to the economy appears to have no impact

on the merits of PAYGO Social Security as a solution to life annuity market failures. Perhaps

more importantly, this analysis implies that PAYGO Social Security provides no advantages

to unskilled workers relative to the counterfactual economy without Social Security.

4.2 Replacing Social Security with Capital Subsidies

As I briefly discussed in the introduction, numerous studies (e.g. Belan et al. (1998)

and Gyárfás and Marquardt (2001)) have concluded that the current PAYGO Social Security

system could be replaced by a pension system based on capital subsidies. Conditional on the

subsidy rate, such a system may be a Pareto superior alternative to PAYGO Social Security

systems. However, most of these studies assume homogeneity within birth cohorts, and can

therefore only demonstrate that capital subsidies are Pareto improving (either in transition

to a fully-funded system or as a stand-alone policy) across generations. In contrast, the

equation. Using the expected consumption-to-average wage ratio makes it possible to analyze changes to
individual consumption behavior across each of the scenarios I consider without regard to the calendar time
t that the representative individual entered the economy.
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inclusion of income and mortality inequality in this study allows me to analyze both inter-

generational and intra-generational welfare effects of replacing Social Security with capital

subsidies.

Under the capital subsidy regime, the real interest rate becomes

ri,t(z) = r + υ (38)

where υ is the subsidy rate. Total government spending on subsidies will be Rt = υKt (see

the government’s budget constraint described by equation (11)).

Table 4 presents the equilibrium effects of the introduction of capital subsidies at dif-

ferent proposed rates. The maximum subsidy I consider is equal to the difference between

the social return to capital rs and the private return to capital r = αÂ − δ. The social

return to capital internalizes the impact of capital on the externality Xt and is derived by

differentiating Yt with respect to Kt

rs = [1− ξ(1− α)]Â− δ. (39)

Thus, the gap between the social and private returns to capital, which measures the size of

the aggregate capital externality, is

rs − r = (1− α)(1− ξ)Â. (40)

Based on the calibration of α, ξ, and Â, the size of the externality (and the maximum subsidy

rate) is 10.23%.

Starting with a subsidy rate of 0% (i.e. the no Social Security counterfactual), incremen-

tally increasing the subsidy rate has a positive effect on the equilibrium growth rate and the

income tax rates. The effect of increasing the subsidy rate on the utility multipliers depends
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υ g {uU , uS} {τU , τS}
0% 2.32% {-39.29, -30.50} {1.07%, 10.13%}
1% 2.63% {-38.97, -30.18} {6.80%, 15.34%}
2% 2.97% {-38.71, -29.92} {12.53%, 20.54%}
3% 3.31% {-38.61, -29.78} {18.26%, 25.74%}

3.3% 3.42% {-38.61, -29.76} {19.98%, 27.30%}
4% 3.65% {-38.70, -29.79} {23.99%, 30.95%}
5% 3.99% {-39.02, -29.99} {29.71%, 36.15%}

5.5% 4.15% {-39.28, -30.16} {32.58%, 38.75%}
6% 4.31% {-39.61, -30.39} {35.44%, 41.35%}

10.23% 5.38% {-46.74, -35.68} {59.67%, 63.36%}

Table 4: Capital Subsidies

on the magnitude of the subsidy rate. At low subsidy rates (i.e. below 2%), increasing υ

by one percentage point has a positive effect on both multipliers, implying that the initial

expected lifetime utility of the newborn cohort has improved as a result of the increase to υ.

Beyond a subsidy rate of 3%, a one percentage point increase to υ begins to have an adverse

effect on both multipliers. Thus, at high subsidy rates policymakers must choose between

the long-run benefits of elevated growth rates and the short-run consequences created by

high tax rates and diminished household consumption early in life.

Given this tradeoff, policymakers may be interested in two particular subsidy rates;

(i) the subsidy rate that maximizes the utility multipliers and (ii) the upper bound on

Pareto improving subsidies (relative to the no Social Security economy). The first subsidy

rate, which is estimated to be somewhere around 3.3%, generates a growth rate of 3.42% and

skilled and unskilled multipliers of -29.76 and -38.61 (2.43% and 1.73% above their no subsidy

levels). The second subsidy rate is estimated to be close to 5.5%, with an equilibrium growth

rate of 4.15%. At this subsidy rate, the unskilled multiplier is roughly equivalent to the zero

subsidy equilibrium, while the skilled multiplier is 1.11% above the zero subsidy equilibrium.

Thus, any subsidy at or below 5.5% will be Pareto preferred to both the zero subsidy case

and the benchmark economy with PAYGO Social Security. Note that this subsidy rate is a
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full percentage point below the corresponding rate identified by Bruce and Turnovsky under

the assumption of within cohort homogeneity. Thus, with inequality in the model, it is less

costly to provide an efficient public pension system based on capital subsidies than in an

economy with homogeneous agents.

5 Conclusion

Historically, theoretical studies of Social Security have relied on variations of the Blanchard-

Weil overlapping generations model that assume a constant mortality hazard rate. This

assumption creates an unrealistically long tail of elderly agents, potentially biasing their

conclusions. To address this shortcoming, Bruce and Turnovsky (2013) introduced a more

realistic aging structure based on a tractable version of the Gompertz survival function de-

veloped by Boucekkine et al. (2002). Their model reinforces and strengthens the literature’s

general consensus that PAYGO Social Security reduces the long-run growth rate and that

capital subsidies may be a Pareto-improving alternative to Social Security.

In the same vein as Bruce and Turnovsky, this study seeks to improve the demographic

structure of the Blanchard-Weil model by incorporating income and mortality inequality.

The introduction of inequality to Bruce and Turnovsky’s analysis of a subsidy based Social

Security system in this study is significant for two primary reasons. First, there is a wealth

of evidence from the literature that both income and mortality inequality each impact the

efficiency of Social Security in the short-run. Second, mortality rates are positively corre-

lated with savings rates. Taking these points into consideration, the inclusion of inequality

in an endogenous growth setting allows me to consider both the short-run and long-run

implications of Social Security reform for both high income and low income individuals.

Consistent with the previous literature, this study demonstrates that both high skill and

low skill households are worse off under the PAYGO Social Security regime, reinforcing the
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general consensus that Social Security is welfare reducing in both the short-run and in the

long-run via diminished economic growth rates. More importantly, this study demonstrates

that for a certain range of subsidy rates, capital subsidies may be Pareto-improving for all

agents in the economy regardless of income or skill level, and is less costly to implement

when inequality is present in the economy.

Nevertheless, it is clear that any reform to the current system is politically challenging.

Unfortunately, as Bruce and Turnovsky note, each birth cohort alive at the time the policy

change is instituted will be affected differently, which given the structure and complexity

of the theoretical framework I employ, makes solving the transitional dynamics intractable.

Given the growing consensus in the literature in favor of reforming the Social Security system,

understanding these dynamics is crucial.
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